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				CONSTRUCTIONS:
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Proof by Contradiction:
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Proof:
[image: ]


Converse:  	For statement :  ‘If A is true then B is true’, the converse of the statement would be the statement ‘If B is true then A’.

True Converse:’ In an isosceles triangle the angles opposite the equal sides are equal’  Converse: ‘If two angles of a triangle is equal then the sides opposite the angles are equal – triangle is isosceles’ ** TRUE ** 

False converse: ‘If two triangles are congruest then their Areas are equal’ Converse: ‘If two triangles have equal Area then the are congruent ** FALSE **



Is Equivalent to: 	If A implies B and B implies A then A and B are said to be equivalent



If and only if :	A is true if and only if B is true means A is true if B is true and B is true only if A is true 



Implies:	A implies B means  A is true only if B is true
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[image: ]Proof that √2 is irrational :
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Example of Theorem that uses Proof by contradiction:
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Proof by Induction:
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*= coS(A = B) = cosAcos B +sinAsinB ...... (i)
Having established the formula for cos(4 — B), ;":((:g)) i nB 2
we can derive the other formulac using the i

important identities shown on the right. cos(90° — A)

sin A
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Formula for cos(A + B)*
To derive the formula for cos(A + B), we replace B with (~ B) in formula (i) on the previous page:
cos(A — B) = cos A cos B + sin A sin B
= cos[A — (—B)] = cos A cos (—B) + sin A sin (—B)
= cos A cos B + sin A (—sin B)
#= c0S(A +B)=cosAcosB—sinAsinB ... (i)
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Formulae for sin(A + B) and sin(A — B)
cos(A — B) = cos A cos B + sin A sin B .... from (i)
To derive the formula for sin(A + B), we replace A with (90° — A).

= cos(A — B) = cos[(90° — A) — B] = cos (90° — A) cos B + sin (90° ~ A) sin B
in A cos B + cos A sin B

= cos[90° — (A + B)] = sin A cos B + cos A sin B
#= sin(A +B) =sinAcosB+cosAsinB...... (i)

Substituting (—B) for B in formula (iii). we get

A - B) = sinAcon B) +corasn(-5)  |ACEIEERE)

*= sin(A — B) = sin A cos B—cosAsinB...... (iv)
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Formulae for tan(A + B) and tan(A — B)
Expressions for tan(A + B) and tan(A — B) can be derived from formulae (i) to (iv) established
above:

sin(A + B) _ sin A cos B + cos Asin B
cos(A + B)  cos Acos B — sin Asin B

We now divide each term in the numerator and denominator by cos A cos B.

tan(A + B) =

sinA , sinB
cos B

tan(A + B) =

tan A + tan B
I-tanAtanB """

*= tan(A + B) = )

Substituting (—B) for B in formula (v) we get:

tan(A — B) = % ...... i) tan(~B) = —tan B
Compound angle formulae
sin(A + B) = sin A cos B + cos A sin B
sin(A — B) = sin A cos B — cos A sin B
cos(A + B) = cos A cos B — sin A sin B
cos(A — B) = cos A cos B + sin A sin B
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Replacing B with A we get:
sin 24 = sin(A + A) = sin A cos A + cos A sin A = 2sin A cos A
cos 2A = cos(A + A) = cos A cos A — sin A sin A = cos’ A — sin’ A

n 24 = an(4 + A) = ARLEIRA < T

+ cos? A = 1, we get two further identities for cos 2A:

—sin? A or €0s 2A = cos? A — sin’ A
= (1 -sin?A) —sin2 A =cos?A — (1 — cos2 A)
=1-2sin2A =cos’A—1+cos’A

2cos? A — 1
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Double angle formulae

€05 2A = cos? A — sin’ A sin24 = 2sin A cos A
= 24—
2co8? A — 1 ‘“"M:12m“34,4
=1-2sin’A i

By rearranging the formulae for cos 24, we can express cos® A and sin® A in terms of cos 24
as follows:

c0s24 =2cos? A — 1 or cos24 =1-2sin’A
= 2cos’ A =1+cos24 = 2sin?A =1-cos24
= cos’ A =1(1 + cos 24) = sin’ A = 1(1 - cos24)

cos? A = X(1 + cos 24) sin? A = 4(1 - cos 24)
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Drawing enlargements

To construct the image of a given figure under an enlargement, we need
(i) the centre of enlargement
(ii) the scale factor of the enlargement.

The diagram on the right shows a square ABCD
and a centre of enlargement O.

‘We will now enlarge ABCD with O as centre
of enlargement and scale factor 3.

To find the image of A, we join O to A and
continue to A’ so that |OA’| = 3|0A|.

Similarly, join O to B and continue to B’ so that |OB’| = 3|OB|.

Repeat the process for the points C and D.
The square A'B’C'D’ is the image of the square ABCD.
Since the scale factor is 3,|A’B'| = 3|/AB| and |A'D’| = 3|AD|.
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When a vertex is the centre of enlargement

The diagrams below show how to enlarge the shape ABCD by a scale factor of 2 using A as the
centre of enlargement.

B’ B g
.

B o B! o B

A D A A D D’

Notice that the centre of enlargement, A, does not move.
In the final figure, |AB'| =2|AB|, |AD’|=2/AD| and
The diagram on the right shows an enlargement where the
centre of enlargement, X, is inside the figure.

In this enlargement, the scale factor is 2.

Draw the line [XA] and extend it so that [XA’| = 2IXAl.
Extend [XB] so that |XB'| = 2|XB|.

Repeat for [XC].
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Each side of the enlarged triangle A’B'C" is twice the length of the corresponding side in ABC.

For any enlargement, the scale factor is found by The seale faptoris
dividing the length of the image side by the length length of image side

of the corresponding object side. Tength of corresponding object side
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1. Bisector of a given angle, using only compass and straight edge.

2. Perpendicular bisector of a segment, using only compass and straight
edge.

3. Line perpendicular to a given line [, passing through a given point not
onl.
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10.
11.
12.
13.

14.

15.
16.

17.

18.
19.

. Line perpendicular to a given line I, passing through a given point on

3

. Line parallel to given line, through given point.
. Division of a segment into 2, 3 equal segments, without measuring it.
. Division of a segment into any number of equal segments, without

measuring it.

. Line segment of given length on a given ray.
. Angle of given number of degrees with a given ray as one arm.

Triangle, given lengths of three sides.
Triangle, given SAS data.
Triangle, given ASA data.

Right-angled triangle, given the length of the hypotenuse and one other
side.

Right-angled triangle, given one side and one of the acute angles (sev-
eral cases).

Rectangle, given side lengths.

Circumcentre and circumeirele of a given triangle, using only straight-
edge and compass.

Incentre and incircle of a given triangle, using only straight-edge and
compass.

Angle of 60°, without using a protractor or set square.

Tangent to a given circle at a given point on it.
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20.

21.
2.

Parallelogram, given the length of the sides and the measure of the
angles.

Centroid of a triangle.

Orthocentre of a triangle.
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1. Constructing an angle of 60°

Each angle in an equilateral triangle is 60°.
We will now use this information to draw
an angle of 60°.

Y Ay’ X

X
Draw a line segment [XY]. ~ Set the compass to a radius of [XY/. Join XZ.
With X as centre and radius |XY]| draw an arc. [£ZXY| =

Repeat at Y.
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2. How to construct a tangent to a circle at a given point on it

Givenacircle kanda  Join X to O, the centre of the circle. Draw a line f through X perpendicular
point X onit. Oisthe  Place a ruler along OX and slide set 0 OX.
centre of the circle.  square along the ruler until it reaches X. s a tangent to the circle k.
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3. How to construct a parallelogram, given the lengths of the sides and the
measures of the angles

The instructions below show how to construct a parallelogram ABCD where |AB| = 3.5cm,
|AD| = 4cm and [/DAB| = 55°.

We first draw a rough sketch of ABCD. D, C
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L 4em
s
35cm Bi A T5cm L
Draw a horizontal line Place set square along the line  Use a compass with a radius of
[AB] = 3.5cm. Use a protractor  AB. Use aruler toslide the st 3.5cm (the same as | ABI) to draw
to measure an angle of 55° at square up to the point D. Drawa  an arc on the line. [DC| = 3.5 cm.
A.Drawaline through Aand line through D parallel to AB.  Join BC. ABCD is the required

measure |AD| = 4cm. parallelogram.
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The perpendicular bisector of a line segment  The bisector of an angle
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Circles and triangles

The circumcirele of a triangle is the circle which
passes through the three vertices, as shown.
The centre, O, of this circle is called the
circumcentre of the triangle.

AN

A circle inscribed in a triangle such that all three
les touch the circle is called the incircle of the
triangle. The centre of the incircle is called the
incentre of the triangle. In the figure above, O is
the incentre.
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4. How to construct the circumcircle of a given triangle

X & X

il

Construct the perpendicular  Construct the perpendicular bisector  With O as centre and |OX| as radius,

bisector of [XY]. of [XZ]. The two bisectors meet at  draw a circle through X, Y and Z.
the point O, as shown. This is the circumcircle of the
O is the circumcentre. triangle.
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5. How to construct the incircle of a given triangle

The construction of the incircle of a triangle involves constructing the bisector of an angle which is
given on the previous page.

X X
a L -A
X z x H Zz
Construct the bisector of ZXYZ, Now construct the bisector of Use a set square to draw a
as shown. £XZY. The two bisectors meet  perpendicular from I to the line YZ.
at the point I. The perpendicular meets YZ at H.
Lis the incentre. With [IH| as radius, draw a circle to

touch the three sides.
This is the incircle of the triangle XYZ.
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7. How to construct the orthocentre of a triangle

The perpendicular line segment drawn from the vertex of
atriangle to the opposite side is called an altitude.

The point of intersection of the three altitudes
of a triangle is called the orthocentre.

The diagrams below illustrate the steps involved in the construction of the orthocentre of a triangle.

z

Place the ruler along XZ anduse  Use the ruler and setsquare to The lines YA and XB meet at the
the set square to draw the line YA draw the line XB perpendicular  point H. His the orthocentre of
perpendicular to XZ. 0 YZ. the triangle.
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6. How to construct the centroid of a triangle
The line segment joining the vertex of a triangle to the midpoint of the opposite side is called a median.

In the triangle below, [XM] is a median.  The point of intersection of the three medians of
a triangle is called the centroid of the triangle.

z

X Y

To find the midpoint of any line segment, we construct the
perpendicular bisector of that line segment.

The diagram on the right should help you recall the
steps involved in this construction.

The three diagrams below illustrate the steps to be followed in the
construction of the centroid of a triangle.
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Y: Z v 7
Construct the perpendicular Now construct the perpendicular  Join YM and ZN. They meet at the
bisector of [XZ], as shown. Mis  bisector of [XY]. N is the midpoint ~point G. G is the centroid of the
the midpoint of [XZ]. of [XY]. triangle.
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12. A campsite is in the shape of a triangle with busy roads
running along all three sides of the site.
The sides of the site are 110m, 150 m and 170 m in length.
(i) Using20m = 1 cm, draw a scaled diagram of this site.
(ii) Show on the diagram the best position to pitch a tent 170m
so that it is as far away as possible from all three roads.
Show your construction lines.

110m

13. ABC s aright-angled triangle, as shown. A
(i) Write down the radius of the circumcircle without
drawing and measuring it.

(ii) Explain why the point B is the orthocentre of AABC. 6em {Ocm:
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18. Construct an equilateral triangle of side 5cm.
(i) Now construct the circumcentre, O, of the triangle.
(ii) Explain why O is also the incentre of the triangle.
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17. In Q16 we used two chords to find the centre of a circle.
The given diagram shows a circle and two points on the circle.
Describe another way of finding the centre of this circle using
the points X and Y.
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A theorem is a statement
that can be shown to be true

through the use of axioms and
logical argument.
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An axiom is a statement
accepted without proof. The

angles in a straight line add to
180° is an example of an axiom.
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A corollary is a statement attached to a theorem which has been proven and follows obviously from .
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In a proof by contradiction, we show that if we claim some statement to be true, then a
logical contradiction occurs which proves that the original statement must be false.
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In mathematics, we use deductive reasoning to prove that a statement is always true.
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*Theorem 11 If three parallel lines make segments of equal length on a transversal, then
they will also make segments of equal length on any other transversal.

Given: Three parallel lines /, m and n intersecting the transversal ¢ at the
points A, C and E such that [AC| = |CE|.
Another transversal k intersects the lines at B, D and F.
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To prove: |BD| = [DE|.
Construction: ~ Through D draw a line parallel to  intersecting / at X and  at Y.

Proof: ACDX and CEYD are parallelograms.
= |AC| =|XDl|and |CE| = [DY| ...opposite sides
But |AC| = |CE|.
= [XD|=|DY|
In the triangles BDX and YDF,
|XD| = [DY|

|£BDX| = [£YDF| ...vertically opposite

|£DBX| = |£/DFY| ...alternate angles
= the triangles BDX and YDF are congruent
= |BD| =|DF| ...corresponding sides
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8. In the given figure, d, ¢ and f are parallel lines.
p and g are two transversals.
The transversal p is divided in the ratio 4:x.
Find, in terms of x, the length of the line segment [AB].
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*Theorem 12 Let ABChbe a triangle. If a line XY is parallel to BC and cuts [AB] in the
ratio s : 1, then it cuts [AC] also in the same ratio.

Given: The triangle ABC with XY parallel to BC.
IAXI _ 1AYI
To Prove: XBl ~ IYCl
Construction: Divide [AX] into s equal parts and [XB] into ¢ equal parts.

Draw a line parallel to BC through cach point of the division.
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The parallel lines make intercepts of equal length along the line
[AC].
[AY] is divided into s equal intercepts and [YC] is divided
into ¢ equal intercepts.

IAYI
YCl

ButAXI _s IAXI _ 1Y
WXBI T7 T XBI YO

Proof:

s
7
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13. In the given figure, the diagonal [AC]
bisects the angle BAD.
|ZABC| = |ZACD.
Find (i) |cpl
(i) |ADI.
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15. Draw separate diagrams of the triangles ABD and ACD. A
Mark in equal angles and explain why the two triangles
are similar.

Hence find [BD| and |AB|
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*Theorem 13 If two triangles ABC and DEF are similar, then their sides are
proportional in order:
IABI _ IBCI _ IACI

DEI ~ IEF DR

Given: The triangles ABC and DEF, in which
|£Al = |£D|,|£B| = |£E| and |£C| = | F|.
o IABI _ IBC| _ IACI
Q.10ve IDEI ~ [EFl _ IDFI"
Construction: ~ Mark the point X on [AB] such that IAX| = IDEI.
Mark the point Y on [AC] such that |AY! = IDFI.
Join XY.
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Proof:

The triangles AXY and DEF are congruent ...(SAS)
o |£AXY]| = |£DEF| ...corresponding nngles
|l2AXY| = [£ABC|

XY|[BC

IABI _ IACI

IAX] ~ 1AY] ...a line parallel to one side divides
IABI _ 1ACI the other side in the same ratio
IDEl ~ IDFI

IABI
Similarly it can be proved that {5

IABI _ IBCI _ IACI

IDEl |EFl  IDFI'
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G . T RN -
TEiheisine Rile oo™ sinB ~ sinC
Proof

Construct a perpendicular / from C to [AB].
[0) %:sinA = h=bsinA

(i) %:sinB = h=asinB
= asinB=bsinA
Divide both sides by sin A sin B

asinB_ _ _bsinA
sinAsinB  sinAsin B
a __b
sinA  sinB
b
Similarly it may be shown that T
s _
Note: If we need to find an unknown angle using the sine rule, then 5":"‘ 5","5 is a more

suitable form of the rule.

Using the sine rule
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18. In the given figure, [ZWYZ| = |ZXWZ]| = 90°.

w
s, 4 %
¥ 38 % v p2

(i) Which triangle is similar to the triangle WXY?
(i) Hence find the values of v and w.
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21. The diagram shows the side-view of a swimming pool being filled with water.

Caleulate the length of x. —Sh——————

I

12m

'
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Summary of Key Points

1. Circle properties

@ W &

The perpendicular from the
centre of a circle bisects the

chord.

Angles in the same segment of
acircle are equal.

/N

A tangent is perpendicular The angle at the centre s twice
to the radius that goes tothe  the angle at the circumference.
point of contact.

© P

If two circles intersect at one point only, then their centres and
the point of contact are collinear.
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2. Triangles and parallelograms

1

2.

3.
4.
5.
6.

7k

8.

The sum of the lengths of any two sides of a triangle is greater than the length of the
third side.

The angle opposite the longer of two sides is greater than the angle opposite the
shorter side.

For any triangle, base times height does not depend on the choice of base.
A diagonal of a parallelogram bisects the area.
The area of a parallelogram is the base multiplied by the perpendicular height.

If three parallel lines cut off equal segments on some transversal line, then they will cut
off equal segments on any other transversal.

A line drawn parallel to one side of a triangle divides the z
other two sides in the same ratio.
D
A
B 5 E F

If two triangles ABC and DEF are similar, then their sides are proportional in order,
IAB| _ IBCI _IACI

IDEI  |[EFI  IDFI"
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Constructing a line of length V2
Although V2 = 1.414214... is a non-terminating decimal, it is possible to construct a line of
length 2 on the number line as the following example shows.

Using a compass and straightedge only, construct a line segment of length v2 and
hence mark v2 on the number line.

(i) Using a straightedge, draw a
line segment [AM].
(i) Starting at A, mark equal spaces 0, 1,2...

(A, B, C) using a compass.
(iii) Using a compass, construct the
perpendicular bisector of [AC],
that is, draw a perpendicular line
through B.
(iv) Join D and E.
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(v) Mark the point F on [DE] so that |AB| = |BE|.

(vi) Using A as the centre and |AF| as radius, draw an arc FG to the number line.

(vii) Mark G on the number line, /2

Proof: Consider the triangle ABF:
|AB| = 1,|BF| = 1, ABF = 90°
Using Pythagoras’ theorem:  |AF|? = |ABJ? + |FB>
L |AFR=12+12=2
. |AF| =VZ =|AG|=V2

Note: Using similar constructions, other irrational numbers can be plotted on the
number line.
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Construct a line segment of length 3 on the number line.

(i) Mark a point A on astraight line AB.

(ii) Using a compass, mark equal
spaces |AJ| and [JC| (each 1 unit)
along AB.

(iii) Using A as centre and |AC| as
radius, draw an arc.

(iv) Using C as centre and |CA| as
radius, draw an arc.

(v) Join the points of intersection
of the arcs HI.

(vi) From our geometry theorems,
we know that HI is perpendicular to
AB and bisects [AC] at J.

Consider the triangle AJH.
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|AJ| =1, |AH| = 2, ZAJH = 90°
|AH[? = |AJ2 + [JHJ? ...using Pythagroas’s theorem
22 =12+ |JHP
4=1+|JH]?

3=|JHP=>JH="3

Using J as centre and |JH| as radius, draw an arc HK intersecting the horizontal
line at K. K| =3
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In a proof by contradiction, we show that if we claim some statement to be true, then a
logical contradiction occurs which proves that the original statement must be false.

Prove that v2 is irrational.

Proof:  Assume v2 is arational number.

V2 canbe written as §:a,b € Z and b # 0, and a and b have no
common factor.

.
2 % .. squaring both sides

@ =2b*

a?is even since it is equal to 2 X (b?) ....any integer multiplicd by 2 is even
ais even

acan be written as @ = 2c ... since s divisible by 2

@ = 4> =2

22 = b

b is also even

aand b have a common factor of 2 which contradicts our assumption.
V2 is not a rational number.

V2 is an irrational number, i.e. it cannot be written as % with no
common factors.





image55.png
2. Prove by contradiction that if a is a rational number and b an irrational number, then
a + b is an irrational number.

3. Prove by contradiction that there are no positive integer solutions to x> — y? = 10.
(Hint: Assume that x and y are both positive integers and use the difference of

two squares.)
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The Cosine Rule:  a? = b + ¢ —2bc cos A
“Proof

In the AABC, CD is perpendicular to AB.

Let [CD| = hrand |AD| = x

Thus |DB|

We now apply the Theorem of Pythagoras to the
triangles ACD and CDB. 7 G = b
InAACD: R +x*=b = hK=b-x €

x

InABCD: I+ (c—xP=a = W=a—(c—x)?
Equating the two values for i, we get
B=e=Rp=pr=

= (@ —=2cx+2) =D

= A+2x—2=b -

= 2= ey Bulll:v=cosA
= b+ 2 = 2c (bcos A) = x=bcosA
= 2 + ¢ — 2bc cos A

Similarly is may be proved that

b= +a*—2cacosB and 2 + b? — 2ab cos C
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Theorem 20

Given:

To prove:

Construction:

Proof:

A tangent is perpendicular to the R
radius that goes to the point of “
contact.

A tangent 1 to a circle of centre O.
Pis the point of contact of the
tangent and circle and [OP] is

the radius to the point of contact.

OP Lt

Let the perpendicular to the tangent from the centre O meet it at
Q. Pick another point R on ¢ such that
|PQ| = |QR/. Join OQ and OR.

In the triangles OPQ and OQR,
|oQl =|oal common side
[PQ| = |QR| given
|£0QP| = [ZOQR| ...both 90°
the triangles OPQ amd OQR are congruent
|OR| = |OP| both hypotenuses
So Ris a second point where ¢ meets the circle.
This contradicts the given fact that ¢ is a tangent.
Thus ¢ must be perpendicular to [OP],i.e., OP L 1.
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Section 3.9 De Moivre’s theorem
In the previous section, we saw that

(cos 6, + i sin 6,)(cos 6, + i'sin 6,) = cos(6, + 6,) + i sin(0, + 6,)
= cos 26, + i sin 26,

That is (cos 6, + isin 6;)* = cos 26, + isin 26,
Also, (cos 6, + isin 6,)* = cos 36, + isin 36,

The general case of this result is known as de Moivre’s theorem.

(cos 6+ i
for all real values of

De Moivre’s theorem
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Proof of de Moivre’s Theorem by Induction
A: When 7 is a positive integer, prove (cos 8 + i sin )" = (cos n0 + i sin n6)
() Let n=1 = (cos 6+ isin@)' =cos 6+ isinf... whichis true
(i) Assume that (cos @ + isin 0)* = cos k@ + i sin k8
(iii) Prove true for n =k + 1, ie.,
(cos 0+ i sin 6)*! = [cos(k + 1)0 + i sin(k + 1)6)
Proof: (cos 6+ isin 6) ! = (cos 0+ i sin 0)* (cos @ + i sin 0)
= (cos k6 + i sin k6)(cos 6 + i sin §)... assumed
= cos kflcos 0 + i cos kBsin 6 + i sin kf cos 6 — sin kOsin 6
= cos kB cos 8 — sin k6 sin 6 + i(cos k@sin 6 + sin k6 cos 6)
= cos (k + 1)0+ isin (k + 1)8
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Therefore, if itis true for n = k, itis true for n =k + 1.
Butitistrue for n = 1.
Thus, it is true for n=1+1=2.

Therefore, the theorem is true for n = 1,2,3, .... i.. for all positive integers.
: When nis a negative integer,

let n = —p where pis a positive integer.
We now prove that (cos 8 + i sin 6)'= (cos n6 + i sin nf)

s 1
pagee le Lo
= (cos 6 + isin ) (cos 0+ Tsim OF
QT ST +1 Teimpg - sing de Moivre’s theorem
1 cos pf — i sin p

Cos pf + isinpf " cos pb — i sin po

cospf — isinpf
0s? p6 + sin’ pf

=cospO — isinp6
But p=—n.
(cos 0+ isin 0)" = cos(—n0) — sin(—n6)

=cosnf+ isinnf





image60.png
(cos 0+ isin 6)" = cosn6 + isin n6 for all negative integers.

Note: For 1 =0, (cos 6 + i sin 6" = (cos nf + i sin n6)
becomes (cos 6+ isin 6)° = (cos 0 + i sin 0)
1=1
Therefore, (cos 0 + i sin 6)" = (cos n6 + i sin nf) for all integer values.

If z=r(cos 0+ isin 0), then using de Moivre’s Theorem:
2 = [r(cos 0.+ isin O)]"
= P(cos n6 + i sin nf) foralln € Z.
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Section4.5 Geometricseries

When the terms of a geometric sequence are added, a geometric series is created.
246+ 18+ e

“To find the sum of a geometric series, we use the following procedure:

For example,

Subtracting:

is a geometric series.

Si=atar+pr+ ... M‘ua/l»r \
= rS,= »r}w» ,,,,, ™ ,«r"/"+ar"(+a/
S,—1S,= a—ar
S,(1—r) =a(l—r"

)

. multiplying

each term by r
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The sum to n terms of a geometric sequence,

_a(l=r)

S, = = where a is the first term and 7 is the common ratio.
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Now consider the formula for the sum to 2 terms of a geometric series if Irl < 1.

)
8=

When Il < 1, r* will approximate to zero for large values of . i.e. r” — 0 as n— cc.

Ths, Sp=t=")
T=r

a(1 - 0)
T—r

becomes S, =
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Example 4

Write the recurring decimal 023 as a fraction in the form &, a, b,

023=0232323 ... = 023 + 0.0023 + 0.000023 +
A 23
=100 " 0000 T 1000000
s

=23 100 _ 23
100799 99

lim S, is often written as S, . Thus, S, = 23
N 9
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Hence express each as a decimal in the form £, k beN.

i) 0.7 (i) 035 (i) 023 (iv) 0370 (v) 0.162 (vi) 0321
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In the given triangle

This relationship between trigonometric ratios is called an identity because it is true for all values of 6.

‘We have already established that any point on
the unit circle is defined by the coordinates
(cos 0, sin 6).

P (cos6. sinf)

In the given diagram [OP| = 1

= |oPP=1

= I =1
= Veos?0+sin?60=1

= cos? 0+ sin® 0 = 1 ... (squaring both sides)

If cach term in the equation sin® 0+ cos? 0 = 1 is divided by cos® 0, we get,

sin? 0 . cos’6 _ 1
cos’f  cos’6  cos’ 6

= tan?@+ 1 =sec*d
= 1+ tan’ 0 =sec’ 0
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(iv) Butsince it is true for n = 1, it now must be true for n =1+ 1 = 2.
And ifitis true for n = 2,itistrue for n=2+1=3, ... etc.

(v) Therefore, it is true for all values of 7.
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Prove that for all values of n, 1 +2 +3 + 4+ ....n :%(n +1).

Proof:
(i) Prove the statement true for n = 1.
= 1=14(1 +1) = 3(2) = 1, which is true.
(ii) Assume true for n = k.

s B gt T S

k
£e+1).

(iii) Based on this assumption, we must show that the statement is true for n =k + 1.

1+2+3+4+....k+(k+1)=%(k+1)+(k+1) . adding (k + 1) to
both sides.

= (k% 1)(%+ 1) factorising (k + 1)
from RHS.
=(k+1) (“ZLZJ & peling 8 common

denominator.

=~
o

(71)(1: £ 2) 0 renmunpugthe

denominator.

(Tl)[(k+])+1]

1l
=~
+ N

Itistrue for n =k + 1.
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(iv) Butsince it is true for n = 1, it now must be true for n=1+1=2.

And ifitis true for n = 2,itistrue for n=2+1=3, ... etc.
(v) Therefore, it is true for all values of 7.
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1 1 1 1 — il

Prove by induction that + n€N.

293 D

Proof:

(i) Prove the statement true for n = 1.

which is true.

(ii) Assume true for n = k.
Ll il ool o8
2 K1) ke
(iii) Based on this assumption, we must now show that the statement is true
for n=k+ 1.

1 1 i1
1225 54

S S kEN.

e 1 B g 1
kD) T Gk Dk+2) k+ 10 (k+ Dk+2)
_ kD +1
TkFDK+2)
_ R+2k+1
*k+ D)k +2)
_ U Tkt ) _ (k1)
TGk +2) kDT

&+

Itis true for n =k + 1.
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3. 12+23+34+45+....n(n+ 1)=Zn(n+ 1)=g(n+1)(n+z).
y 3
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Example 4

Prove that for all n € N, 3 is a factor of 4" — 1.

Proof:
(i) Prove the statement true for n = 1.
3isafactorof 4! —1=3 . truc.

Assume true for n = k.
= 3isafactorof 4 —1,k€E€N.
Based on this assumption, we must now show that the statement is true
for n=k+1.
Is3afactorof 45*!1 —1 2
=441 -1
=4@3+1)-1
=34+ 141
=345+ (4 - 1).
Since 3.4* is divisible by 3and (4 — 1) is assumed divisible by 3,
3.4 + (4% — 1) is divisible by 3.
Itis true for n =k + 1.
But since it is true for n = 1, it now must be true for n=1+1=2.
Andifitis true for n = 2,itistruefor n =2+ 1=

Therefore, it is true for all values of n.





image73.png
1. 6" —1 isdivisible by 5 for n € N.
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3. 9"— 5" is divisible by 4 for n € N.
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Prove by induction that 8" — 7n + 6 is divisible by 7 forall n € N.

Proof:
(i) Prove the statement true for n = 1.
7isafactor of 8' —7.1+6 =7 ...whichis truc
(ii) Assume true for n = k.
= 7isafactorof 8 — 7k + 6,k EN.

(iii) Based on this assumption, we must now show that the statement is true

for n=k +1.
Is 7a factor of 84*! = 7(k + 1)+ 6 ?
=88 ~Tk-7+6
=8.(T+1)~Tk—-7+6
=78+ 18~ Tk—7+6
=78+ @8 —Tk+6)—7
Since 7.8¢ is divisible by 7, (8 — 7k + 6) is assumed divisible by 7 and ~7
is divisible by 7,
81— 7(k + 1) + 6 is divisible by 7.
Itis true for n =k + 1.
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sin 6
0s 6 cos 0

1. cosec =L 2 seclfl=—L 3. tan 6=
sin 6 C

4. corg=58 5 s 0+cos?0=1 6 1+tan’0=sec?6
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(iv) Butsince it is true for n = 1, it now must be true for n =1+ 1=2.
And ifitis true for n = 2,itis true for n=2+1=3,... etc.

(v) Therefore, it is true for all values of n.
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9. 7"+ 4"+ 1 isdivisible by 6 for n € N.
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10. 7 (n+1)2n + 1) is divisible by 3 for n € N.
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Inequality proofs

When dealing with inequalities we noted two important deductions, namely
(i) If a>b, then a—=b>0
(i) (any real number )? > 0.

Prove by induction that 2" > n? for n=5,n € N.

Proof:
(i) Prove the statement true for n = 5.
2> 5
32> 25 ... which is truc.
(i) Assume true for n = k, k= 5.
= 2>k, kEN and k=5.
(iii) Based on this assumption, we must now show that the statement is true
for n=k+1.
Is 281> (k+ 1) 2
Since 2 > k? (assumed)
2¢ 250K
2ok
we need to prove that 2k> > (k + 1)
22> K +2k+1
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=2k —1=0
k2 —2k+1-1-1>0 ... completing the square by adding and
K —2k+1-2>0 subtracting half the coefficient of k squared.

(k = 1) =2 >0 which s true for k =5.
26415202 > (k + 1)
Itis true for n =k + 1.

(iv) Butsince it is true for n = 5, it now must be true for n =5+ 1= 6.
And ifitis true for n = 6, itistruefor n=6+1=7, ... etc.

(v) Therefore, i

s true for all values of n=5,n € N.
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Example 8

Prove by induction that n! >2",n=4,n € N.

Proof:
(i) Prove the statement true for n = 4.

41>2¢
24> 16 ... which s true.
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Assume true for n = k, k= 4.
= k!>25kEN and k=4.

Based on this assumption, we must now show that the statement is true
for n=k+1.
Is (k+ 1)1 >2+412
Is (k+1)k!>2%.22 . (k+ Dk! = (k+1)!
Since k! > 2% (assumed),
(k + 1)k! > (k + 1)2¢

we need to prove that (k + 1)2% >2¢.2
(k + 1)2¢ > 2.2% which is obviously true if k > 1.

(k+ 1)1 > 2641
Itistrue for n = k + 1.

But since it is true for 4, it now must be true for n =4 + 1 =
Andifitis true for n =5, itis truefor n=5+1=6, ... etc.

Therefore, it is true for all values of n=4,n € N.
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Example 9

Prove that (1 +x)"= 1+ nx for n=1,n € N,x ER.

Proof:
(i) Prove the statement true for n = 1.
= (1 +x)'=1+ l.x ... whichis true.
(ii) Assume true for n =k, k = 1.
(A+x¥=1+kx, kEN and k=>1.
(iii) Based on this assumption, we must now show that the statement is true
for n=4k+ 1.
Is (Q+xfti=1+(k+1)x?
Is Q+x)A+x)=1+kx+x?
Since (1 +x)*=1 + kx ... (assumed)
A+ ¢ +x)= 1+ kx)(1 +x)

we need to prove that (1 + kx)(1 +x) =1+ kx +x
1+x+ke+hk?=1+kx+x

= kx?= 0 whichis true for k=1 and x € R.
Itis true for n =k + 1.

(iv) Butsince it is true for n = 1, it now must be true for n =1+ 1=2.
Andifitis true for n = 2,itis truefor n =2 +1=3, ... etc.

(v) Therefore, it is true for all values of 7= 1,n € N.
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Formula for cos(A — B)*
Let the radii [OP] and [0Q] make angles A and B P (cosA. sinA)
with the positive x-axis.

|£POQI=A-B
‘We now find [PQ| using two different methods:
1. the standard formula for the distance between two points
2. the cosine rule.

1. Using the formula /(x; — x,)2 + (> — y1)?, we have:
|PQJ? = (cos A — cos B)? + (sin A — sin B)?
= cos’ A — 2 cos A cos B + cos’ B + sin” A — 2 sin A sin B + sin’ B
Butsin? A + cos’ A = 1 and sin? B + cos> B = 1.
= [PQP=1-2cosAcosB+1~2sinAsinB
=2 —2(cos A cos B +sin A sin B) ... ®
2. Now using the cosine rule to find [PQ|, we have:
[PQP = |OP! + |0QP ~ 2|0P| [0Q| cos(4 — B)
=1+1-2(1)(1) cos(A — B) ... |OP| = [0Q| = 1 = radius
=2-2cos(A—-B)..Q
Equating the two values for [PQ[%, we have
2 —2(cos A cos B + sin A sin B) =2 — 2 cos (A — B)
= —(cos A cos B + sin A sin B) = —cos(A — B)









