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Question 1
(ii) Explain what is meant by the indefinite integral of a function f.

The indefinite integral of f is the general form of a function whose derivative is f.

Alternative answer: The indefinite integral of f is F(x)+C where F' = f and C is constant
(the constant of integration).
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(iii) Write down the indefinite integral of g, the function in part (i).

1
Answer: /g(x)dx = Zx4 — x> +3x+C.

(b) (i) Let A(x) =xInx, forx € R, x > 0.
Find /' (x).

Using the product rule we see that
W (x) = (x)'Inx+x(Inx)’,

But (x)' = 1 and (Inx)' = 1. Therefore

H(x) = (l)lnx—!—x(%)
= Inx—+1.
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(ii) Hence, find / Inxdx.

We know that /' (x) = Inx+ 1. Also, we know that (x)' = 1. So if F(x) = h(x) — x, then

F'(x) =h(x)— (x)) =Inx+1—1=Inx.

Therefore / Inx dx = F(x)+c. But F(x) = h(x) — x = xInx — x. Therefore

/lnxdx =xlnx—x+C.
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Question 2

Type of function Function First derivative Second derivative
Quadratic k B I

Cubic f D II
Trigonometric g A I11
Exponential h C IV

(b) For one row in the table, explain your choice of first derivative and second derivative.

A quadratic function differentiates to a line which differentiates to a constant.




Question 3
(a)

(b)

Differentiate the function 2x*> —3x —6 with respect to x from first principles.

f(x)=2x*-3x-6
f(x+h)=2(x+h)?>=3(x+h)—6=2x> +4xh+2h* =3x-3h -6
f(x+h)= f(x)=4xh+2h> =3h

(f (x+ hz— f (.\—)J _ Lim”( 4xh+20* - 317)

h—0

Limit =4x-3

h—=0

Let f(x)=

> x#-2, xe R. Find the co-ordinates of the points at which the slope of the

o

|
tangent to the curve y = f(x) is 1

2x
f(X)—x+2
Let u(x)=2x=u'(x)=2 and v(x)=x+2=V(x)=1
, x+2)(2)—2x(1 4
f(x)=( )(2) : O _ :
(x+2) (x+2)
" 1 4 1
f (x):—:} 3=
4 (x+2) 4
=16=(x+2)
=x+2=4or x+2=—4 or X’ +4x-12=0
=x=2or x=-6 (x=2)(x+6)=0
=>x-2=0 or x+6=-0
=>x=2 or x=—0
—-12 4
—6)=——=3 and f(2)=——=1
f0=—= f@)=57

Points (-6, 3) and (2,1)




Question 4

(i) Find the value of f(0.2)

Substituting 0.2 for x gives

£(0.2) =—0.5(0.2)+5(0.2) —0.98 = —0.5(0.04) + 1 — 0.98 = 0
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(ii) Show that f has a local maximum point at (5, 11.52).

First we calculate the derivative of f:
f(x) =—0.5(2x)+5(1) —0=—x+5.

Now f/(5) = —5+35 = 0. Therefore x = 5 is a stationary point.
Now

f(x)=—1.

So f”(5) = —1 < 0. That means that x = —5 is a local maximum. Finally,
f(5) = —0.5(5%) +5(5) —0.98 = 11.52.
Therefore the graph of f has a local maximum point at (5,11.52).
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Note that between t+ = 0 and ¢ = (.2 the graph is just a horizontal line along the r-axis.
Likewise, for t > 5 the graph is a horizontal line at height v = 11.52. In between 1t = (.2
and ¢ = 5 the function is a quadratic so the graph must be a parabola. We can sketch this
by evaluating the function at three or four points. For example v(1) = 3.52, v(2) = 7.02,
v(3) =9.52 and v(4) = 11.02. So we plot the points (1,3.52), (2,7.02), (3,9.52) and
(4,11.02) and then join them by a smooth curve. Make sure that this parabolic arc starts at
(0.2,0) and ends at (5,11.52).
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(ii) Find the distance travelled by the sprinter in the first 5 seconds of the race.




The distance travelled in the first 5 seconds of the race is given by

5
/ v(t) dt.
0
Now

/Osv(t) dt = /Oo'z\v:(r) di+ /;v(z) dr

0.2 5
_ / 0 dt—i—/ (—0.502+5:—0.98) dr
0 0.2
5
= 0+ [ (—0.5>+5t—0.98) dr
0.2

5
- / (—0.52+5t—0.98) dr
0

.2
—0.58 512 :
= 2 +5L—0.981
3 2 0.2
0.5(5%) 5(5%) 0.5(0.23)  5(0.2%)

3+ —0.98(5)—( Tt —0.98(0.2))
= 36.864

So the sprinter travels 36.864 metres in the first 5 seconds of the race.
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(iii) Find the sprinter’s finishing time for the race. Give your answer correct to two decimal
places.

We have just seen that the sprinter travels 36.864 metres in the first 5 seconds of the race.
So he has 63.136metres left to travel to complete the race at that point. Also after 5 seconds,

his velocity is a constant 11.52 metres per second. Therefore it will take him a further 63.136

1152
seconds to complete the race. Now 6131 '5326 = 5.48 correct to two decimal places. So his total

time is 5 +5.48 = 10.48 seconds, correct to two decimal places.
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Question 5

7 (a)




7 (b) (i)

de _1(t+1)-1(t-1) 2

dt (t+1) (t+1)?*
dy_ —Ae+1) + 412 +1) _ -4(+1)+8 _ 4(-1)
dt (t+1)* (t+17 t+17
7 (b) (ii)
dy _dy dt _ 4(t—1)x(t+1)2 ~ 2(t—1)_2
dc dt dx (+1p 2 t+l
79 O

flx):x - tan—l(—_xj

x+1
2
1 x—l(x+1)+x(1)_ (x+1) T -1

)=

x+1

OR

Jx+1)? +x?

14 (=) (x+1)F  xP+2x+l+x® (x4l 20 +2x+1

=+/2x% +2x +1
y=tan” (_—VJ (-x)
X+
tany=_—x Y
x+1 (x+1)
sec? y, dy _ (x+D)(D) - 2(—.wc)(l) o x+1
dx (x+1) V2x? +2x+1
2
1 'Q=—x—1+x cos® y= (x+1)
cos’y dv  (x+1)? 2xt +2x+1
1 Q _ -1
cos’y dx (x+1)° (...))
dy _ —cos’ y
dc  (x+1)°
-1 (x+1)?
(x+1)* 2x* +2x+1
-1

T x4l




A 2

7 (c) (i)

Diagram 4 is correct.

It cannot be Diagram B, as these curves are not “parallel” (i.e. identical up to a vertical
shift, which is necessary because their derivatives are equal for all x).

It cannot be Diagram C as these graphs are increasing, whereas they should be
decreasing, because their derivatives are negative for x > 0.

OR

Given f'(x)=g'(x)
= m, =n, (same slopes)
= parallel curves

-1
'"X)=———<0 when x>0
S 23t +2x+1

= Both f(x) and g(x) are decreasing funtions.

Diagram A: correct
Diagram B: not parallel curves
Diagram C: increasing curves

Question 6

7 (a) .\'3—_1-’2 =25
yr=x*-25
y=4x"-25 OR y=—x?-25
y= (xl - 25)% y = —(x2 —25)l
dy 10, o\ b _ [1(2 o)
Z‘z(" 25) .2« = [2( 25) 2\}




7 (b) (i)
3 & 3 -2)-320 -3 -6

A Py B F
d )

- =6(*-2)" = L-—g(P-2)" 2= -l
* -2 dt (,2 _ 2}
dy _dy di _ —121 (12—2)2 12t M
dx dt dx (,2_2)2'—3#—6 33246 242
(b)(ii) Slope, point 5 marks Att2
Equation 5 marks Att 2
7 (b) (i)
6 6 .
t=2 = x=—=3 and 1=2 = y=§:3. - Pointis (3, 3).
Slope of tangent at r =2 is % N g
. Equation of tangent: y —3 = %(\ -3) = 4x-3y-3=0.
(c) (i) S marks Att 2
flx)= x°=3x?+3x-4.
f(2)=8-12+6-4=-2<0.
f(3)=27-27+9-4=5>0.
.~.root lies between 2 and 3.
(¢) (ii) 5 marks Att 2
£(2.5)=(2.5) —3(2.5)" +3(2.5) -4
=15.625-18.75+7.5-4
=0.375
f(2)<0 and f(2.5)>0. .. rootisbetween 2 and 2.5.
So, root is closer to 2 than to 3.
(c) (iii) Formula + Differentiation 5 marks Att 2
Finish 5 marks Att 2
7 (c) (iii)
X0 =X, — f’(x") , where f(x)=x"-3x” +3x—4 and f'(x)=3x" —6x+3
f'(x,)
Ann: f(2)=-2 and f'(2)=3. x,=2— /@) _, -2 22 _2666...
S A ) B B

fB) 3 5 57 _5se3.

Barry: f(3)=5 and f'(3)=12. x, =3—‘f—,3= B

Both of these are above the root, so the lower one is closer (i.e. Barry’s).




Question 7

QUESTION 7
Part (a) 10 marks Att 3
Part (b) 20 (5,5, 5, 5) marks Att(2,2,2,2)
Part (¢) 20 (5,5, 5, 5) marks Att(2,2,2,2)
Part (a) 10 marks Att 3
7 (a) Taking 1 as a first approximation of aroot of x* +2x—4=0,

use the Newton Raphson method to calculate a second approximation of this root.

(a) 10 marks Att 3
7 (a) flx)=x'+2x-4 f(x)=3x"+2
fO)=01) +201)-4=-1 f()=3(1)+2=5
e S
T filx,)
) .
T f(w) -
=1- ﬂ =l+=- = 6
5 5

Blunder (-3)

B1 Newton-Raphson formula once only
B2 Differentiation

B3 Indices

B4 x, =1 once only
Slips (-1)

S1  Numerical
S2  Answer not tidied up

Part (b) 20 (5, 5, 5, 5) marks Att (2,2, 2,2)

7 (b) (i) Findthe equation of the tangent to the curve 3x? 4 y2 =28 at the point (2, —4).

.e . ) X+ v
(ii) x=e'costandy=e'sinz. Show that dy_x+)

X—y .

(i) Differentiation 5 marks Att 2
Equation 5 marks Att 2

7 (b)(i) 3x?+92 =28

6x+ 2yﬂ =0

dx
2){@] =—6x
“\dv
ﬂ _—6x —3x
dce 2y y




-3(2) 3

At (2, -4), slope= P -
@A) slope= "= =3

Tangent is line through (2, -4) with slope m = %

(y - ) = m(x - X )
y-(-49)=3(-2)

2y+4)=3(x-2)
2y+8=3x-6
3x-2y-14=0

Blunders (-3)

B1 Differentiation

B2 Incorrect values or no values

B3 Indices

B4 Equation of tangent

BS5  Substituting values into formula once only

Slips (-1)
S1  Numerical

Worthless
W1 Integration
W2 No differentiation in 1°* 5 marks

Att 2
Att 2

(i) & and 2 5 marks
& S marks
7 (b))  x=e'(cost)
dx

- (—sinz)+ costle’)

dc .
— =e¢' cost —e' sint
dt

y=é (sint)
dy t : ¢
~r=e (cost)+sint(e’)
dy

— =¢' cost+e'sint
dt

dy .
dy (j)_ e’ cost+e'sint _ x+y

de (%) Ce'cost—e sint x—y

dt

* Note: oversimplified differentiation in first 5 marks leads to Att 2 at most in second marks

Blunders (-3)
B1 Differentiation
B2 Indices

B3 Incorrect @
dx

B4  Answer not in required form

Attempts
Al Blunder in differentiation formula

Worthless
W1 Integration




Part (c) 20 (5,5, 5, 5) marks Att(2,2,2,2)

7 (¢) fix)=log3x - 3x, where x> 0.
(i)  Show that (%, — 1) is a local maximum point of f{x).

(ii)) Deduce that the graph of f{x) does not intersect the x-axis.

(i) Differentiation 5 marks Att 2
Max Value S marks Att 2
(ii) Only one root for f '(x) =0 5 marks Att 2
Absolute max pt. 5 marks Att 2
7 (e)(i) f (v) =In (3x) -3x x>0
' 1 1
S)=7-06)-3 = —-3.
X X
v -1
fx)=—
R
. , 1 1 1
Local max/min: f'(x)=0=>—--3=0 = ~=3 = x=3-
X X
vc—l:>f’(r)—_—1— -l <0 = local max at v—l
N 3
xX= % = f(x)=In(3x)-(3x) =In(1)-(1) =0-1 =-1 = Local max at [%,—lj
or
7(c)(i) f(\t) =In3x-3x
, 1
flx)=—=-3
R
=t o f(x)= 1 3.3.3-0 = tumingptat x=+
¥=3 A gptat . 3
f"(x)= _—21 <0 forallx — localmaxptat x= %
X

x:% = y=In(3x)-3x :111(1)—3G] = -1 = local max is at G,—l)




(¢)(ii) f'(x) has only one root.
This implies that the local max. above is the only turning point.
And f(x) is continuous, so the local max pt above is an absolute max. point.

Since max pt G,—l] is below x-axis, the whole graph must lie below x-axis

Thus, f(x)=0 hasno roots, since graph does not cut the x-axis.

*  Accept work showing max point to be the only turning point and below x-axis, with or
without a diagram.

*  No need to mention “absolute” in answer.

*  No need to mention continuity

Blunders (-3)

B1 Differentiation

B2 Not testing in f"(x) for max

B3 Incorrect deduction or no deduction from test
B4 Incorrect y value or no y value

B5  Factors once only.

Slips (-1)
S1 Inl=0

Worthless
W1 No differentiation

Question 8

7 (a) X =X ——

(X)=x"+x-9 =12 =(
(x)=3x+1 = f'(2)=3(

125

X, =4 1G37%

o

Y +2-9=1
) +1=13

2

< =




7 (b) 3cos@ - (cos6)’

X =
dx . 2 .
— =-3smn&-3lcosd) (—smnéb
o (cos®)’ (~sin6)
=-3sin@+ 3sin fcos’ &

= —3sin 9(1 —cos’ 9)
=-3sin’ @

y = 3sin 6 — (sin &)

D 3c0s6- 3(sin 6)*.cos &

deé

=3cos 0(1 —sin’ 0)
=3cos’ 0

70 ’ :ln[ 3+x J

=In(3+:
=In(3+x)-
dy _ 1 _1[
dx 3+x 2
1 X

- +
3+x 9-x*

1 X

“3vx B-2)B+Y)
B (B-x)+x 3
C(3-x)3+x) 9-x?

or

Q7(c) y =In

(3- ;)_+§’ * x)} = %(9 _6x’ J 9 ‘3"2




Question 9
7(a)

or

7(a)

= x7 4+ 2xAx + Ax” — x”
=2x.Ax + Ax’

7 (b) (i)

x=8+Int? y=1n(2+12),

dy 1
At 2+t
£=2(1]=g _ 2t
dt t 1

2412

x=8+2Int

t*=2 3@- I~ 2

dx 2417 - 242

1
2

7 (b) (ii)

At p(1,2)

x_}’3+)’=6

[x.2yﬁ+ y?‘) +ﬂ =0
dx dx

dy

—(2)Cy+l)=—)
dx

dy _ -y
dx  2xy+1
x=land y=2

’n=ﬂ= _(2)- __4

de  2()2)+1 5




7(¢) (i) Roots  ++k = Equation: x*—k=0.

7(c)(ii) Equation: x*=k or x*—k=0, solet f(x)=x>—k.
flu,)=u’~k
fu,)=2u,
Newton-Raphson: W, =u, - f ’(“n)
flu,)
unz -k
— u" -—
2u"
— 2“"7 _(un _k)
2ull
u"2 +k
un+l =
2ull

Hence the given rule is the Newton-Raphson method applied to f(x)= x> —k . Thus it can be used

with a suitable initial value to find increasingly accurate approximations for N

T(e)Gii)  u, = “;l: k k=3; u, =%
L _Gr+3_3+3_21_7
2 3 12 4
o () +k () +3_2+3_ () _97
o, 2(3) (@) se
Question 11
7 (a)
f(v): 2= f(x+h): (t+ h)2
2 2 2
A i LS e ) = 2k
dx h—0 h h—>0 h h—0
= limit(2x + h) = 2x.
h—0




7M) ()

) =

cosc+siny _ dy _ (cosx — sinx)(— siny + cosx)— (cosx + sinx ) — sinx — cos)

COSXY — Sinx dx (COS’C - Sillx)z
dy  (cost—sinx)* + (cosy +sinx)* 2
dx (cost — sinx)?* (cosx —sinx)*
7 (b) (ii)
dy  (cosv—sinx)® +(cosx +sinx)’ s (cosx + sinx)* 14y
dx (cosx — sinx)? (cosx — sinx)?* '
OR
7 (b) (i) & 7 (b) (ii)
COS X+ Sin x
y =———————=(cosx+sin x).(cos x—sin t)
cos x—sinx
:iﬂ CoSx +Sin x) [ 1.(cos x—sin x)_l (—sinx— cox)] +(cosx —sin x)_] (—sin x+ cosx)
X

_ (cosx+sinx)’  cosx—sinx
(cosx—sin)*  cosx—sinx

. 2

CoOSx+SInx

= 2E2EEERT ) 4
cosx—sSImmx

=y +1




7(c) ()

+ X

OR
7@ a4  f(x)=[log,(1+x)]+1

e
= [log, (1)~log,(e) |+1
=0-1+1 =0.

So f'(x)=0 at x:I_—e.
e

e e e e

So turning point is (l_—e —lj
e e

7 (c) (i)

F(x)=(1+x)log, (1+%) = f'(x)=(1+x).[lL]+1oge(1+x)=1+1oge(1+x).

1 l-e

f(x)=0 = log,(1+x)=-1 = l+x=e' . x=—-1=—ou

e e
l1-e 1

y= (lj log, (l) =y= l(_logee) = —l. So turning point is [— - —] :
e e e e

At x=—2. f’(.v)=loge(l+1_—e)+l :loge[e+1_e]+1 =loge(l]+l
e e e

Also, at x= l_—e, y= (lJ loge (lj >y= l(—logee) = _l_
e

f”(x):L:f'l_e L e - 11,—1 is a local minimum.
l-e 1 e e

Question 12

7 (a)

é=6t—6 Q:z—zt.

dt ,dt

Ldy _dy dt _2-2t 1
de dt dc 6-6 3

7(b) (1)
Y 4D

2x— ZxQ— 2y+6y—
dx dx dx

D y-a)=2x-2y = Do X
dx

(i)
~3-1

Slope of tangent at(-3,1)= ErErw %

1+3

1
Slope of tangent at (1, —3)= =—,
P 5 ( ) 1+9-2 2

Equal slopes, therefore parallel tangents.

dc x-3y-2




7(c) (@)
f(0)=-1<0 and f(1)=32-48+20-1=3>0.
.. f has aroot between 0 and 1.
(i)
flx)=32x" —48x* +20x-1 = f'(x)=96x* — 96x + 20.
f(05)=1 and f'(05)=-4
X, = 0-5—L =075
4
f(075)=05 and f'(075)=2
=075- 05 _ =05.
2
(iii)
All further approximations will continue in the sequence 0-5, 0-75, 0-5, 0-75, ...
Question 13
7 (a)
f(x)=2x+sin2x = f'(x)=2+ 2cos2x.
7 () ()
5x% +5y% + 6xp=16.
10v+10yﬂ+ 6vdJ +6y=0.
dx dx
g i(IOV+ 6x)=-10x-6y = & = M
dx -~ ’ dx 3x+5y
7 (b) (ii)
-5-3
n; = slope of tangent at(l,1)= =-1.
= slope of tangent at.1)=
m, = slope of tangent at(2, —2)= _610:06 =1.
But mym, =—1, .. tangents are perpendicular to each other.




7(c) y:sin"[ al ] = siny=-——
V1+x* V1+x*

tany = Tv =X X
y=tan" x
cay 1 1
Cde 1+ x?
OR
Differentiation 15 marks Att S
Other work S marks Att 2
7 (c)
y=sin" al
1+ x? 1+x?
siny = AN - y )
Vi+x' (l+x%) ——7
2 \s 2\3
en 1+ ) (1)—x[;(1+x ) -2x} . :( (—l+x2)l
dx (1+-‘72) a’+x*=1+x"
2 2 _
(1+.\c2)l - - . _
_ 1+ x? )? a=1
(1 +x? )3
1+ xt-x? _ x
= 3 siny = -
] (1; ) 1+ )
4 1
COSy.—— = - -
‘i; 1+lx2 i 1 - (1+x*):
% 1
v _ . i 1 @+ [ Ly
dc cosy (1+ v:); osy 1 (1 +X )
- (1 +x? )l 1 -
1+ x? )_




