{ 1(b) A particle travels in a straight line with constant acceleration f for 2t seconds and covers 15 metres.
7}7 The particle then travels a further 55 metres at constant speed in 5t seconds. Finally the particle is
brought to rest by a constant retardation 3f.

(1) Draw a speed-time graph for the motion of the particle.

(1) Find the initial velocity of the particle in terms of t.

(1i1) Find the total distance travelled in metres, correct to two decimal places.

(1) speed
v
. i
time 10
2t 5t t,
(11) 5t(v) = 55
tv =11 5
2t(w) + L2t (v-w) = 15 5
ek v = . = 15
ety = 15
= 15 =1
u = e 5
!
(ii1)
d tan § = 3tana
g Yy
1 2
W e
' 3v-w) s 3E-4) 21
, (220)( 11
total distance = 15 + 55 + 5|—||—
21 I3
= 7576 m
5
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2(a) An aeroplane has a speed of 160 m/s in still air. When the wind blows from the east, the velocity of
the aeroplane as observed from the ground is 120 m/s towards the north-east. Find the speed of the
wind correct to two decimal places.

10

a = 135° 5

160> = 1202 + v* - 2(120) v cos 135 5
25600 = 14400 + V2 + 169.7056275 v

v+ 169.7056275v - 11200 = 0 5

—169.7056275+271.2931993
2

v:

v = 50.79378592

v = 50.79 m/s 5
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2 (b) Two ships A and B move with constant speeds 48 km/h and 60 km/h respectively. At a certain
instant ship B is 30 km west of A and is travelling due south. Find

| . (1) the direction ship A should steer in order to get as close as possible to ship B

(i1) the shortest distance between the ships.

B & A
a
60 48
B 30 km A
(1) Vas = V4 - Vg (or diagram with V,p) 5
Vi = (-48cosa i - 48sinaj) - (-607) 5,5

= (- 48 cosa);é + (60 - 48 sing%}?

tanﬁz(VAgsinﬂ ;3=60—4851na
i Vigcosf )’ 48cosa
= 5—4sina

| 4cosa

d(tanfB) 4cosa(-4cosa)—(5-4sina)(—4sina)
e (4 cosa)’

=0 when 16cos’a = 20sing —16sin’ &

: 4 [ 3J
< = sing =— and tanf =—,
| T 5 p o

————

] (ii) : BX| = 30sin g

I

30 (0.6)

o 18 km 5

By
Il

4
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>, A particl% is projected from a point p up an inclined plane with a speed of 4g\5 m/s at an angle
tanfl(-;- to the inclined plane. The plane is inclined at an angle & to the horizontal. (The plane of
projection is vertical and contains the line of greatest slope). The particle is moving horizontally
when it strikes the plane at the point q.
(a) Find the two possible values for 6.
1
3
p
7 =(4g2cos ot — L gsinf.)i + (4g42 sina.t —L g cosf.2)f 5,5
¥ =(4g¥2cosa—gsin.0)i +(4g2sina — gcosb.r)j 5.8
Atq: r} = 5
8g42sinx 8 :
= t = gJ_ = 5
gcos +5cos 8
<
- 5
Vi
gcosf.t — 4g1[§ sin
tan @ = :
4gﬁ cosa —gsinfi
‘ g 8
1 tan @ = 122[5 Sg‘[s-
| 2 =
NG an@
| 2tan” @ —3tan@+1=0
} (2tand —1)(tan@ —1) = 0
tanfd=5 or tan@=1 5
|
" e ¢ = 26°34° or 45° L
L
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3 “(b) Iftan@ = 0.5 then

(i) find the magnitude of the velocity with which the particle strikes the inclined plane at q.

(i1) determine the total energy at p and show that it is equal to the total energy at g.

8
itk

B = -
JS_COSH 2
‘G'\G

= (4g‘[_‘/— g_J—4)f+(4g‘J_J— 8"{—4)1

J§

_g
<
i - ‘( | - s

(ii) KE.at p = + (m)(4g2)? or 16mg’

K.E.at q = + (m) (4g)° or 8mg’

mg mg(r? sind)

PE. at g

H

no{F- K%

= Smgz 5

Total energy at p = Total energy at q

6
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4 (a) Two scale-pans each of mass 0.5 kg are
connected by a light inelastic string which
passes over a smooth light fixed pulley.

A mass of 0.2 kg 1s placed on one pan and
amass of 0.4 kg is placed on the other pan.
The system is released from rest. Calculate

(1) the acceleration of the system

(ii) the forces between the masses and the pans.

-

P
P

() D9p - T = DOF

02g = 1l6f
0.2¢g g
=t == Or = 0F 1,225
i 7 1.6

(i1)
_ ool &
R - 02g = 0.2(8]

i

9
R = 0225¢ or 2205 or =2
40

0.4g — R, = 0.4[%)

| B = 035 or 343 or -
; 2




4 (b) A smooth wedge of mass 4m and slope @,

& is placed on a smooth horizontal surface. A
f f /] ﬁ particle of mass m moves down the inclined
face of the wedge.

(i) Show on separate diagrams, the forces
acting on the wedge and on the particle.

(ii) Prove that the acceleration of the wedge is
geosasinga

4+sin’a

(iii) If @ =30° find the acceleration of the mass relative to the wedge.

@)
R
\/\
e
l 10
mg
accelerations /a__, T
f f
3 .
(i1) mgcosa - R-= mfsing 5
Rsinaa = 4mf 5
mgcosa sina - Rsina = mfsin’a
mgcosa sina - 4mf = mfsin‘a
P - gcosqsina 5
44s8in” o
3
(iii) @ =30° _ &3
1
mg sineg = m(p - fcosax)
1_,_ &gBA3
8= 5% 17 g
20 1
— p=-'"gor—0g'or5.76
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5(a) A smooth sphere moves on a horizontal table. It strikes an identical sphere at rest on the table. The

latter is at a distance y from a vertical cushion. The impact is along the line of centres and normal to
the cushion. The next collision between the spheres takes place at a distance d from the cushion.

2

. 2 . . 2 :
(i) Provethat d= . J; where e is the coefficient of restitution for impacts between spheres and
e ;

between a sphere and the cushion.

(i) Interpret the result when e = 1.

¢ 977 A B A B

(= QO O

< Y. >
mass velocity before velocity after
A m u v,
B m 0 Vs
(1) PCM m(u) + m0) = mv, + mv, 5
NEL v, -V, = -e(u-0) 5
u u
v, = 5(1 -e) and v, = 5(1+ €) 3,5
: eu
Rebound velocityof B = ev, or 7(1 + €) 5
Second collision
. e S
v, v, ey,
y—d y d

= -
%(1-@ ;i(l+e) %(1+e)

y—-d ey+d

125 e(l+e)

ey—ed +ely—e’d=ey+d—e’y—ed

2 2
s e _Y.’; 5
l+ei

(i1) e=1 = d=y

A stops after the first collision and the second collision
between the spheres occurs at a distance y from the cushion. 5

9

I - -~ . - S S




5(b) Two equal smooth spheres A and B collide. The velocity of A before the collision is
343 4 3 and the velocity of B before the collision is g-(-u cEPTR ] where i and 3
are unit perpendicular vectors along and perpendicular to the line of centres, respectivily. The
velocity of A after the collision is é-(—v i + w3 3 . If the coefficient of restitution is 0.7, find the
magnitude and direction of the velocity of sphere B after the collision.

(L mass velocity before velocity after
5 o " g, .,
A m W31 + 3] —5 st V—2~J
3 - e o -
B m ~E£ s ] vi + = ]
2 2 2

} component of the velocity of A does not change

w3 _
L

5 or vV o= 2-\5

J B ﬁl[—l’-} + mv, 5
2
”‘—.—J

— 3
330+ [_u;/—] = sl 5 0

PCM(i dimn) m@3) + M _”‘ZE

= V—4I—%§'

1

NEL(; dirn) v, + g = —e(_”f = 3@} 5

445——”‘25 +43 = 0.7(”23 +3J§J

2.9=10.85u
' 2.9
= u = — or 341 or-s—8
0.85 17
velocity of B = 2 i+ -2—93 or 3971 + 1.71]’
17 17
magnitude = 4.32
directio 17 tan_][ 2 J QraE 23980 23° 14° 5
n = . or
3943
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6 (a) A particle moves with simple harmonic motion of period g Initially it is 8 cm from the centre of

the motion and moving away from the centre with a speed of 442 cm/s. Find an equation for the
position of the particle in time t seconds.

2
Period = £
10}
T _ 2z
2
= o = 4 5
32 = 16(a’- 64)

=5 a:-JEE 5

v = a)2(327X2)
|
|

x=81t=0 = X = asin(et+g)
8 = /66 sin ¢
= & = 1.4 radians 5
|
| Equation x = 66 sin(4t + 1.4) 5

Alternative method for finding the amplitude:

ﬂ x = asin(at + ) = 8 =asing

v = awcos(wt +&) = J2 = acose

@sine + a*cos’e = 64 + 2
a’> = 66

= a = J66

11
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6 (b) A particle of mass 0.5 kg at rest on a smooth | I___| |
horizontal table is attached to two points p
and g, which are 1.2 m apart, by two light
elastic strings. The string attached to p has
a natural length 0.4 m and elastic constant 75 N/m.
The string attached to q has a natural length 0.6 m
and elastic constant 50 N/m.

(i) Find the equilibrium position.

(ii) Prove that if the particle is displaced in the direction pq, through such a distance that neither
string goes slack and is then released, it moves with simple harmonic motion.

il 1y
| { 1 |
T 04+x 08-x""
@) T, = T, ?
k (x) = k (0.2-%)
75% = 50(0.2-%) 5
3x = 04 - 2x
x = 0.08 5
= distance = 0.48 m from p
¥, j 1
| ; ESl 1
| | T 0.48+x et s
|
E (ii)  Force in direction of x increasing = T, - T, 5
g = 50 (0.12-%) - 75 (0.08 +x) 5
? =6-50x -6 - 75x
; — - 125x
g acceleration = OIS s e -250x |5
f | Mass 0.5
F =  SHM. about x = 0 with @ =250 -

12
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7 (a) A particle of weight W rests on a rough plane inclined at 26° to the horizontal. P is the least force,
acting up along the plane needed to move the particle up the plane. Prove that if P is less than W

then the angle of friction is less than 32°.

uR / 5
W
26°
p = tanAd 5
P = pR + Wsin26° 5
= tanAd (W cos 26°) + W sin 26°
P < W
tand (Wcos26°) + Wsin26° < W 5
sind cos 26° + cosA sin26° < cosA
sin(A+26) < cosi © o
7
sin(A+26) < sin(90- 1) &
A+26 < 90-2
4 = 3P 5
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7 (b) A uniform rod [ab] of length d rests
with one end b against a rough vertical wall.
The other end a is tied to a point ¢ by a light /
string [ac] of length d. Ifthe coefficient
of friction between the rod and the wall is £, \
find the least angle that the rod can make with

the wall.

=t

c
o
a
S
we
N b
Resolve forces:
horizontally: Tsig = N e i)
vertically: Tcosa + N = W ... (i1)
Take moments about b:
W idsing = Tlbd sina
iW dsina = T 2d cos ¢ sing
—W—/ = Tcosa
4
Substitute into equation (ii)
E & = sing = W
4
i + l sing = W
4 2 4dcosco
=5 tanag = 6
& = B0.54° or-80° 32>

14
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8(a) Prove that the moment of inertia of a uniform rod [ab] of mass m and length 2/ about an axis t
through its centre perpendicular to the rod is L m¢’.

Let m; = mass per unit length
mass of element =m, dx

moment of inertia =m, x> dx 5

moment of inertia of rod = mlxzdx 3
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8 (b) A uniform rod of mass m s free to rotate in a vertical plane about an axis which is perpendicular to
the rod and 0.32 m from its centre of gravity. For small oscillations the rod has the same period as 2
simple pendulum of length 0.5 m.

(i) Find the length of the rod.

(ii) For what other distance between the axis and the centre of gravity will the period be the
same?

(iii) Where must the axis be located to give a minimum period?

:
0] I — -‘3- m/s? + m(032)° z
Mh = m(0.32) 5
L
27 —l— = ZIEF 5
quh g
%mﬂz +m(0.32)2 0.5
m(0.32)
¢ = 0416
Length of the rod = 0.83m 5
(i1)
2 2
iml Amx s
mx
X - 05x + 00576 =0
X =:(}.32 or x = 0.18
other distance = 18 cm 5
(ii1)
T g {§m£2+mx2}
mgx
= W xo) -G+ )y| -
dx g x b.%
= 0 when 2x* = Li7° T
= e
43
x =024m or 24cm 5

16
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9(a) A U-tube whose limbs are verical and of
equal length has mercury poured in until
the level is 50 ¢cm from the top in each limb. water
Water is poured into one limb and oil into
the other until the U-tube is filled. The
difference in height of the mercury levels
1 0.6 cm.

[Diagram not to scale]. I

If the relative density of mercury is 13.6,
find the relative density of the oil correct

to two places of decimals. U

water

Length of oil column = 50-0.3 = 49.7c¢m

Length of water column = 50+0.3 = 50.3cm 5

4 Pressure at B = Pressure at A 5
’ P g2(0.497) + 13600 g(0.006) = 5

1000 g (0.503) 5

0497 o = 303 - §16

P = 847.887
Relative density = 0.85 5
17




9 (b) A cubical block of ice of edge 5 cm and
relative density 0.9 just floats in water

with a piece of iron of relative density 8
embedded in it.

Find the mass of the iron.

Let v = volume of iron

volume ofice = 0.05° - v

weight of iron + weightofice = B,, + By,

8000vg + 900(0.05° - v)g =

1000 (0.05°) g

80v + 9(0.05° - v) = 10(0.05%)

71v = 0.05

v = 0.000001761 m’

mass of iron = 8000 v

= 0.01408 kg

18

= weight of water displaced
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10 (2) Solve the differential equation

@R
v+lldx x
given that v=0 when x = 1.
d d
7 IZV ===t 5
ve+1 X
Jtan'v = i x + A 5,5
v=0,x=1 7tan'0 = ml1 + A
== A =0 5
T’ v = #ax
5 In x
tan v = —
7
[/
v o= tan(ﬂj 5
i

19




10 (b) The rocket engine of a 12 tonne missile produces a thrust of 180.1 kN. The missile is launched in a
vertical direction. The air resistance is v N where v is the speed of the missile.

(i) Find the speed of the missile after 30 seconds.

(ii) Find the percentage error in this speed if air resistance is ignored.

(1) Force = mass x acceleration ]
- dv
180100 - 12000g - v} = 12000 — 5
d
62500 - V¢ = 12000 —
dt
0
& = 12000 |—"— 10
250° —v
+
30 = (12000)( : )En [250+v|
500/ 1250-v|
+
P qas
250-v
v = 138.64 5
(i)  Air resistance is omitted
62500 = 12000 f
f = 5.2083

v = u + ft

Il

0 + 5.2083(30)
= 15625

error = 15625 - 138.64 = 17.61

17.61 x 100

P t == = 127
ercentage error 138 64 (

20




e LEAVING CERTIFICATE 1999
(] 2 APPLIED MATHS - HIGHER LEVEL
MARKING SCHEME

1(a) A car of mass 1500 kg travels up a slope of gradient sinfl(s—lo) against a constant resistance of 0.2 N
per kilogram. Find

(i) the constant force required to produce an acceleration of 0.1 ms”

(ii) the power which is developed when the speed is 20 ms™

e
(1) Force = mass x acceleration
T-F - mgsing = m f 5
F = 1500(0.2) 5

T - 1500(0.2) - 1500(9.8)[;%} = 150

T = 744 N 3
(11) Power = Tv
= 744 (20)

= 14880 W 5
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